Let G be a connected graph of order n with Laplacian eigenvalues
Introduction
It is well known that the resistance distance between two arbitrary vertices in an electrical network can be obtained in terms of the eigenvalues and eigenvectors of the combinatorial Laplacian matrix and normalized Laplacian matrix associated with the network. By studying the Laplacian matrix, people have proved many properties of resistance distances [1, 2] . The resistance distance is a novel distance function on a graph proposed by Klein and Randić [3] . The term 'resistance distance' was used because of the physical interpretation (see [4] , for details).
Throughout this paper G will denote a simple, undirected, connected graph, and the vertices of it will be labelled by v 1 , v 2 , . . . , v n . Let d i be the degree of vertex v i for i = 1, 2, . . . , n. The maximum vertex degree is denoted by ∆ . In [5] , it has been depicted that the standard distance between two vertices v i and v j of a connected graph G, denoted by d i j , is defined as the length (= number of edges) of a shortest path that connects v i and v j . Moreover in order to examine other distances in graphs (or more formally, molecular graphs), Klein and Randić [3] considered the resistance distance between vertices of a graph G, denoted by r i j , as defined in [1] . In fact, the resistance distance concept has been much studied in the chemical studies (see, for instance, [2, 3] ). In [3, 6] , it has been introduced the sum of resistance distances of all pairs of vertices of a molecular graph G,
that is named as the 'Kirchhoff index'.
Let J denote the square matrix of order n such that all of whose elements are unity. Then for all connected graphs (with two or more vertices) the matrix L + 1 n J is non-singular, its inverse
exists and, as depicted in [1] , r i j = x ii + x j j − 2x i j . The matrix whose (i, j)-entry is r i j , is called the resistance distance matrix and will be denoted by RD = RD(G). This matrix is symmetric and has a zero diagonal. As well known [7] , a graph of order n has
spanning trees and
The Kirchhoff index Kf(G) can also be written as
where µ 1 ≥ µ 2 ≥ . . . ≥ µ n = 0 are the eigenvalues of the Laplacian matrix L(G). The Kirchhoff index found noteworthy applications in chemistry, as a molecular structure descriptor [6, 8 -10] , and many of its mathematical properties have been established [1, 2, 11 -18] . As usual, K n , K 1,n−1 , and K p,q (n = p + q) denote respectively the complete graph, the star, and the complete bipartite graph. Now we study the Kirchhoff index in more detail, especially its relationship with the number of vertices (atoms), the number of edges (bonds), maximum vertex degree (valency), the number of spanning trees, and the first Zagreb index. The paper is organized as follows. In Section 2, we present the lower and upper bounds on the Kirchhoff index of a graph. In Section 3, we obtain lower and upper bounds on the NordhausGaddum-type result for the Kirchhoff index.
Main Results
We now give some lower and upper bounds on Kf(G) in terms of n, m, ∆ , t, and M 1 (G). First we give some well-known results: Lemma 1. [19] Let G be a graph on n vertices which has at least one edge. Then
Moreover, if G is connected, then the equality holds in (4) if and only if ∆ = n − 1.
Lemma 2. [7]
Let G be a connected graph of order n.
Lemma 3. [7] Let G be a connected graph with n ≥ 3 vertices. Then
Let a 1 , a 2 , . . . , a r be positive real numbers. We define P k to be the average of all products of k of the a i 's, that is 
Hence the AM is simply P 1 and the GM is P 1/r r . The following result generalize this:
Lemma 4 (Maclaurin's symmetric mean inequality). [20] For positive real numbers a 1 , a 2 , . . . , a r ,
Equality holds if and only if a
Another structure descriptor introduced long time ago [9] is the so-called first Zagreb index (M 1 ) equal to the sum of the squares of the degrees of all vertices of G. Some basic properties of M 1 can be found in [21, 22] . Now we are ready to give lower and upper bounds on Kf(G) in terms of n, m, ∆ , t, and M 1 (G).
Theorem 1. Let G be a connected graph of order n with maximum degree ∆ and the number of spanning trees t. Then n
∆ + 1 + n(n − 2) ∆ + 1 nt 1/(n−2) ≤ Kf(G) ≤ (n − 1) t 4m 2 − M 1 (G) − 2m (n − 1)(n − 2) (n−2)/2 .(5)
Moreover, the lower bound is attained if and only if
G ∼ = K n or G ∼ = K 1,n−1 ,
and the upper bound is attained if and only if G
Proof. By (1), we have
Lower Bound: Setting r = n − 2 and a i = µ i , i = 2, 3, . . . , n − 1, by Lemma 4, we get
From the above, we get
, that is,
.
Using (1) in the above, we get
Let us consider a function
Then we have
is an increasing function on x ≥ ∆ + 1 and
Using the above result in (7), we get the lower bound in (5) by (4) and (6) . Upper Bound: Setting r = n − 1 and a i = µ i , i = 1, 2, . . . , n − 1, by Lemma 4, we get
, which gives the upper bound in (5). First part of the proof is over. Now suppose that the equality (left and right) hold in (5) . Then all the inequalities in above must be equalities. The equality for lower bound, we have µ 1 = ∆ +1 and µ 2 = µ 3 = . . . = µ n−1 , by Lemma 4. By Lemmas 1 and 3, we have G ∼ = K n or G ∼ = K 1,n−1 . The equality for upper bound, we have µ 1 = µ 2 = . . . = µ n−1 by Lemma 4. By Lemma 2, we have G ∼ = K n .
Conversely, one can see easily that the left equality holds in (5) for complete graph K n or star K 1,n−1 and the right equality holds in (5) for complete graph K n . Corollary 1. Let T be a tree of order n with maximum degree ∆ . Then
≤ Kf(G)
The lower bound is attained if and only if G
Proof. Since T is a tree, t = 1. From Theorem 1, we get the required result.
Corollary 2. Let U be a connected unicyclic graph of order n with maximum degree ∆ . Then Example 1. Consider a graph G = K 1,n−1 +{e}, where e is an edge. For G, the Laplacian spectrum is
One can see easily that the lower and upper bounds of the Kirchhoff index in (5) are
and (n − 1) 3
, respectively, while the exact value of the Kirchhoff index is
Lemma 5.
[23] Let a 1 , a 2 , . . . , a n ≥ 0 and p 1 ,
where λ = min{p 1 , p 2 , . . . , p n }. Moreover, the equality holds in (9) if and only if a 1 = a 2 = . . . = a n .
We now give a lower bound on Kf in terms of n, t, and ∆ .
Theorem 2. Let G be a connected graph of order n with maximum degree ∆ and the number of spanning trees t. Then
Kf(G) ≥ 2n(n − 2) 1 nt 2(n−1)(n−2) , i = 2, 3, . . . , n − 1, in (9), we get
By Lemma 1 and from (6), we have
Thus f (x) is an increasing function on x ≥ ∆ +1 and x n−1 ≥ nt. Hence we have
Using the above result in (11), we get the required result (10) . First part of the proof is over. Now suppose that the equality holds in (10) . Then all the inequalities in the above must be equalities. Thus we must have µ 1 = ∆ + 1 and µ 1 = µ 2 = . . . = µ n−1 by Lemma 5. By Lemmas 1 and 2, we have
Conversely, one can see easily that the equality holds in (10) for complete graph K n .
Corollary 3. Let T be a tree of order n with maximum degree ∆ . Then
Kf(T ) > 2n(n − 2) 1 n (2n−3)/2(n−1)(n−2) · (∆ + 1) 1/2(n−2) − 1 2 1 n 1/(n−1) + n ∆ + 1 .
Corollary 4. Let U be a connected unicyclic graph of order n with maximum degree ∆ . Then
with equality holding in (12) if and only if U ∼ = K 3 .
Example 2. Consider a graph G = K n . For G, the Laplacian spectrum is
One can see easily that both the lower bound in (10) and the exact value of the Kirchhoff index are n − 1.
Lemma 6 (Newton's inequality).
[24] Let a 1 , a 2 , . . . , a r be the positive real numbers. Also let P k , k = 1, 2, . . . , r be defined before Lemma 4. Then
. . , r − 1; P 0 = 1) with equality holding if and only a 1 = a 2 = . . . = a r . Now we give another lower bound on Kf(G) in terms of n, m, and M 1 (G).
Theorem 3. Let G be a connected graph of order n with m edges and the first Zagreb index M 1 (G). Then
with equality holding in (13) 
if and only if G
Proof. From Lemma 6, we get
Setting r = n − 1 and a i = µ i , i = 1, 2, . . . , n − 1, in (14), we get
,
From (14), we get
Using the above result in (3), we get the lower bound in (13) . First part of the proof is over. Now suppose that the equality holds in (13) . Then all the inequalities in the above must be equalities. Thus we have µ 1 = µ 2 = µ 3 = . . . = µ n−1 by Lemma 6. By Lemma 2, we have G ∼ = K n .
Conversely, one can see easily that the equality holds in (13) for complete graph K n .
Example 3.
Consider a graph G = K n \{e}, where e is any edge in K n . For G, the Laplacian spectrum is
One can see easily that the lower bound of the Kirchhoff index in (13) is
while the exact value of the Kirchhoff index is
Nordhaus-Gaddum-Type Results for the Kirchhoff Index
Zhou and Trinajstić [10] obtained the following Nordhaus-Gaddum-type result for the Kirchhoff index:
Lemma 7. Let G be a connected (molecular) graph on n ≥ 5 vertices with a connected G. Then
We now give lower and upper bounds for Kf(G) + Kf(G) in terms on n, M 1 (G), and number of spanning trees: Theorem 4. Let G be a connected graph of order n with m edges. Then
where t and t are the number of spanning trees of G and G, respectively. Moreover, the equality (left and right) hold in (15) 
if and only if G is isomorphic to a graph H such that there exists a positive integer k
and
Proof. From (3), we have
Lower Bound: Setting r = n − 1 and a i = µ i (n − µ i ), i = 1, 2, . . . , n − 1, by Lemma 4, we get
Using (17) in (16), we get the lower bound in (15) . Upper Bound: Setting r = n − 1 and a i = µ i (n − µ i ), i = 1, 2, . . . , n − 1, by Lemma 4, we have
that is,
Using (18) in (16), we get the upper bound in (15) . First part of the proof is over. Now suppose that the equality (left and right) hold in (15) . Then all the inequalities in above must be equalities. Thus we must have µ 1 (n − µ 1 ) = µ 2 (n − µ 2 ) = . . . = µ n−1 (n − µ n−1 ) by Lemma 4. For
we have
From the above we conclude that G is isomorphic to a graph H such that there exists a positive integer k (1 ≤ k ≤ n − 1) with
Conversely, let H be a graph such that there exists a positive integer k (1 ≤ k ≤ n − 1) with ≤ Kf(G)
where t is the number of spanning tree of G. Moreover, the equality (left and right) hold in (21) Proof. Since G is self-complimentary graph, therefore G is connected and G ∼ = G. Thus we have t = t. From Theorem 4, we get the required result in (21) . Moreover, the equality (left and right) hold in (21) if and only if G is isomorphic to a graph H (H is defined in the statement).
